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the technique used previously by Mitchell, Crocco, and
Sirignano! and Crocco and Mitchell.2 The relevant de-
pendent variables u, p, r, C, ¢ and w are represented as power
series in e. For example, p = po + ep1 + €ps + €*ps + ...
etc., where e = M2, The coefficients of e in these expansions
are comprised of a steady-state and a time-dependent part.
Thus, p1 = P1 + pit, P2 = D2 + pelete. Bothuiand 4are taken
to be of 0(¢). Since, as will be discussed shortly, the analysis
is carried out through 0(e®), the combustion zone can actually
oceupy a fairly sizeable fraction of the chamber axial length,
and is not of zero length as in the ‘‘concentrated combustion”
model used by Mitehell, Crocco, and Sirignano.!

It is necessary to use the simplest kind of coordinate stretch-
ing in order to ensure well-behaved periodic solutions even
when waveforms are discontinuous. Therefore, the stretched
time variable & is introduced and P = 2(1 + &P, + 2P,
+ ...). P is the nondimensional period of the oscillations
and 2 is the wave travel time for an acoustic (zero amplitude)
wave. The technique of multiple scales is applied with the
introduction of a second axial variable y, which is defined as
y = z/n. Derivatives of % and w with respect to this variable
are of 0(1) instead of 0(1/¢) as they are with respect to z.
All dependent variables are then considered to be functions of
the 3 independent variables «, y, and 8. Thus, v = u(z,y,9),
p = p(z,y,06), ete. The governing partial differential equa-
tions and the droplet vaporization equation are then rewritten
in these variables, and the power series representations of the
dependent variables are substituted into the equations which
result.

The system of equations is first solved for the steady state.
To the order of approximation necessary for consistent solu-
tion of the time-dependent equations, the results are
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Carrying out the analysis of the time-dependent equations
through 0(e®) and applying the appropriate boundary condi-
tions leads to the following expressions:
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Here, ¢ = #1/w; (the steady-state droplet lifetime) and f is
an arbitrary funetion periodic in 2. In order to determine
the form of f and therefore of p, and us, it is necessary to con-
tinue the analysis through 0(¢5). Doing this and applying the
appropriate order boundary conditions, the following non-
linear integro-differential equation for f is finally derived:
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The developments that resulted in Eq. (2) are valid for

either continuous or discontinuous pressure waves. In order

to determine the waveform and amplitude of the pressure

osqllations, this equation must be solved for either type of

oscillations. Solution of Eq. (2) for small f is easily carried
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out by linearizing the equation and assuming f = sinms. A

neutral stability relationship results. This is
a= 2= o] ®)

2 2J0

A graph of this equation produces a curve in d, ¢ space.
The region above this curve is linearly unstable, the region
below the curve linearly stable. Practical values of B and 7
cause d to fall somewhat below the lowest point on such a
curve. This indicates that the combustion model adopted
does not provide a strong enough response to pressure oscilla-
tions to drive on instability. In consequence of this, solu-
tions of Eq. (2) for large amplitude waves probably have little
practical significance. The conclusion reached is that the
combustion model employed is not sufficiently realistic. It is
probable that a more sophisticated combustion model would
provide a governing equation for f possessing greater practical
significance. Tt is suggested that the use of the multiple scale
technique demonstrated here will prove useful in such an
analysis (as it certainly was in the present work) in the reduc-
tion of the governing system of nonlinear partial differential
equations to a single ordinary differential equation determin-

ing the nonlinear behavior of the oscillations.
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Numerical Solution of Boundary-Layer
Flows with Massive Blowing
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Introduction

ESCRIPTIONS of laminar boundary layers with large
mass injection rates are required in several applications.
Specifically, of current interest is the stagnation region on the
heat shield for a Jupiter atmospheric entry probe.! In this
case, the mass transfer from the wall due to radiative heating
is so great that any convective heating is blocked.

The structure of boundary layers with massive blowing con-
sists of a thin region with large gradients that separates the
outer stream from an inner layer adjacent to the wall where
gradients are either absent or very small. This boundary-
layer structure has previously been examined by several in-
vestigators,2—*
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Fig. 1 Dividing streamline velocity.

The usual numerical methods for handling the two-point
boundary conditions, which have successfully been applied to
boundary layers without mass transfer, break down when
applied to cases with mass transfer when the blowing param-
eter is large. This failure has been attributed to the lack of
convergence® and the instabilities? of the usual numerical
methods. In any case, inordinately precise wall values are re-
quired for solving the two-point boundary-value problem, and
several analytic methods have been proposed to treat the prob-
lem approximately.*—® However, these approximate methods
cannot be generalized to treat accurately hypersonic boundary
layers with chemical reactions and multicomponent transport
phenomena.

This Note describes a numerical method that avoids the
numerical difficulties previously mentioned; the results of
calculations obtained by means of the new method are given.

Method Description

For boundary layers in stagnation regions with massive
blowing, all gradients adjacent to the wall tend to vanish as
the blowing increases. With this boundary-layer structure,
the usual procedure of specifying gradients at the wall and
subsequently modifying them (to satisfy the outer boundary
conditions) clearly cannot work. For the case of blowing into
boundary layers in stagnation regions, there is a dividing
streamline where the oncoming flow is stopped by the in-
jected flow; in the case of massive blowing, the dividing
streamline is embedded in the thin region with large gradi-
ents.

The present method incorporates the dividing streamline as
the origin of coordinates, retaining the similarity variable 7
as the independent variable, as opposed to introducing the
nondimensional stream function f as a new independent
variable as in Ref. 4. With no blowing, of course, the dividing
streamline coincides with the wall, and the coordinate system
introduced herein reduces to the usual ones. The simple stra-
tegem previously described reduces by orders of magnitude the
precision required for the specification of the starting values
to solve the boundary-value problem.

The new choice of coordinates essentially converts the two-
point boundary-value problem into a three-point boundary-
value problem; the additional boundary condition thus in-
troduced is readily satisfied, as outlined below. The proposed
method incorporates the automated procedure of Ref. 7 for
satisfying the asymptotic boundary conditions at the outer
edge of the boundary layer, with modifications to accom-
modate massive blowing.

Application of the method can be illustrated as follows.
Consider the similar boundary-layer equations with unit
Il’randtl number and with pressure gradient parameter 8 =
3

P+ S+ 1= =0 W
8" 418" =0 @
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Fw) =0 flno)=—C  S(p) =8, @
f(e) =1 8(e)=0 4)

In these equations, the independent variable 7 is zero when f
is zero. With blowing (C different from zero) n,, will always be
negative. The subsecript w denotes values at the wall, and the
notation is that of Ref. 8.

The method consists of assigning at n = 0, the five quanti-
ties f(0) = 0, f/(0) = f'*, f"7(0), S(0) = S* and 8/(0). The
specification f(0) = 0 merely locates the origin of coordinates
at the dividing streamline. The two quantities f'* and S*
are merely parameters that characterize the solution. They
are arbitrarily assigned numerical values, as are the missing
initial conditions f’/(0) and 8’(0) subject to the modifications
outlined below. v

The procedure of Ref. 7 searches for the edge of the bound-
ary layer and modifies the missing initial conditions f'/(0)
and S’(0) so as to satisfy the boundary conditions at the outer
edge of the boundary layer. When the searching procedure
is applied to the case of massive blowing, the greater the value
of the blowing parameter C, experience shows the more rapid
the convergence of the procedure.

A remaining boundary condition at the wall, f/ = 0 (the
third of the three-point boundary conditions), is readily
satisfied by integrating backward from 5 = 0 with the start-
ing values determined by the searching method and stopping
the integration when f’ = 0. At this point, the values of f,,
and S, are accepted at their current values, and the solution
of a boundary-value problem is obtained. Note that f, and
S. are not preassigned; rather, f* and S* are preassigned.
Specification of values at the dividing streamline may appear
to be an artificial procedure; once the solutions are available,
however, this objection can be overcome by relating the wall
values to the values at the dividing streamline as will be done
for the numerical example treated below.

Numerical Results

The method previously described was programed in
FORTRAN 1V, double precision, on the IBM-7094 located
at Ames Research Center. The procedure used to obtain
solutions with large values of C, the blowing parameter, was
to fix S* and to increment f'* from an initial value of zero.
Of course, with f/* = 0 the solutions obtained herein could be
compared with the solutions available for zero blowing.
Where comparisons could be made with the results of Refs. 8
and 9, the solutions coincided in all cases.

Figure 1 presents the variation of the velocity on the divid-
ing streamline (dashed curves) with C and 1 + S, the wall
enthalpy. The dashed curve C = 2 compares favorably with
the analytic result given in Fig. 10 of Ref. 4. The solid curves
indicate where the enthalpy function S* is constant on the
dividing streamline. The region above the knees in these
curves corresponds to massive blowing and the knees them-
selves to the onset of the rapid diminishing of gradients at the
wall.

Figure 2 shows two sets of boundary-layer profiles for ap-
proximately the same value of wall enthalpy 1 -~ S. corre-
sponding to two different blowing rates, one for a value of f'*
below the knee of the solid curve marked 8* = —0.2 in Fig. 1
and the other for a value of f'* above the knee. 1t can be seen
from the figure that there is no heat transfer to the wall, and
the velocity profile displays an inflexion point when the blow-
ing parameter is large. Consequently, in this case, the maxi-
mum shear does not occur at the wall as it does when there is
no heat transfer.®

Concluding Remarks

The calculations performed using the proposed direct
numerical method indicate that it is possible to integrate the
boundary-layer equations under conditions of massive blowing
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Fig. 2 Boundary-layer profiles.

irrespective of the value of the blowing parameter. Unlike
the usual numerical methods, which cease converging to the
solution when the blowing parameter increases, the proposed
method actually converges to the solution more rapidly as the
value of the blowing parameter increases.

The satisfaction of the two-point boundary conditions is a
problem common to all means of solving the boundary-layer
equations; the method proposed herein should aid in improv-
ing the scheries for solving complex boundary-layer problems.
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Hypersonic Strong Interaction Flow
over an Inclined Surface
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VHE purpose of this Note is to present a solution for the
hypersonic strong interaction flow over an inclined sur-
face. An asympotic expansion in powers of the hypersonie
interaction parameter ¥ is used to reduce the boundary-layer
equations to a sequence of ordinary differential equations.
The scheme was originally suggested in Refs. 1 and 2. Ref-
erences 3 and 4 give the zero-order solutions for Pr = 1. In
Ref. 5 a two-term solution, which corresponds to the zeroth
and the second-order solutions of the present scheme, was
obtained by using the Karman-Pohlhausen integral method
for the flow over an insulated flat plate. Here some results
are presented for Pr = 1 and 0.72 with different thermal
conditions on the plate.

Let the physical variables be denoted by the superscript*
and let the subscripts « and e represent the conditions in the
freestream and in the inviscid outer flow (Fig. 1). Thecondi-
tions in the boundary layer are represented without any
subscript. The dependent variables are nondimensionalized
with respect to their freestream values, and the independent
variables 2*5* with respect to a characteristic length dimen-
sion L. The nondimensionalized quantities are represented
without any superseript. The gas is assumed to have con-
stant ¢p,y and Pr and obey a linear viscosity-temperature
relation u = C7, C being a constant.

The pressure distribution on the surface and the boundary-
layer displacement thickness are given by!+2;
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Fig. 1 Flowfield above an inclined plate in hypersouiec
viscous flow.
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